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Abstract
In this note, of recreational nature, on mathematics and music, we explain how one can
“listen to motives" as rhythmic interpreters. In the simplest instance which is the one we shall
consider, the motive is simply the H1 of the reduction modulo a prime p of an hyperelliptic
curve (defined over Q). The corresponding times are given by the arguments of the complex
eigenvalues of the Frobenius. We find a surprising relation between mathematical properties
of the motives and the ideas on rhythms developed by the composer Olivier Messiaen.
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The name “motive" is a mathematical name coined by Grothendieck and we explain below how,
in the simplest examples, mathematical motives give rise to rhythmic interpreters. An ordinary
geometric space, such as a compact Riemannian space, has an associated scale in the musical
sense as exemplified in the famous lecture “can one hear the shape of a drum" of Marc Kac.
The association from motives to music explained below is quite different. Our thesis is that a
motive manifests itself not by a musical scale (which would be a collection of frequencies) but
rather by a (periodic) collection of “times". In the simplest instance which is the one we shall
consider, the motive is simply the H1 of the reduction modulo a prime p of an hyperelliptic
curve (defined over Q). The corresponding times are given by the arguments of the complex
eigenvalues of the Frobenius. Our goal which is of a “recreational" nature is to illustrate the
simplest motives as rhythmic interpreters. We found in realizing this project a surprising relation
between mathematical properties and the ideas developed by the composer Olivier Messiaen, as
explained in Section 1.
1 Mathematical Motivation
It is traditional to look for an interpretation of the zeros of the Riemann zeta function as energy
levels of a quantum system. In our own approach however the zeros appear naturally as “times"
i.e. in a dual manner (see [2]). While this might look perplexing at first sight, we shall briefly
explain why this dual point of view is in fact more natural in view of the generalization of the
Riemann zeta function in the framework of global fields. Indeed in this general framework one
meets much simpler avatars of the Riemann zeta function. They are associated to a curve C over
a finite field Fq. It turns out that these analogues of the Riemann zeta function ζ(s) are in fact
functions of the form L(q−s) where q is the cardinality of the finite field over which the curve
is defined. Moreover L(z) is a rational fraction and the zeros are determined by the polynomial
numerator P(z) whose degree is twice the genus g of the curve. By a famous theorem of André
Weil all the zeros z j of P(z) are on the circle of radius q−1/2. Thus the zeros of L(q−s) are all of
real part <(sk) = 12 and their imaginary parts are of the form
=(s) =
1
log q
(
α j + 2pik
)
, j ∈ {1, . . . 2g}, k ∈ Z
where the −α j are the arguments of the z j and are determined only modulo 2pi . This type of
periodic distribution of numbers is very natural as a distribution in “time". In fact if we specify
the choice of the arguments by the fundamental domain −pi ≤ α j ≤ pi and interpret them as
giving times when notes are played, several striking facts come to the fore:
1. The functional equation for the L function means that the obtained rhythm is palindromic,
i.e. with −pi ≤ α1 ≤ α2 ≤ . . . ≤ αg ≤ 0 ≤ αg+1 ≤ . . . ≤ α2g ≤ pi one has
α2g+1− j = −α j
2. The obtained values are in general irrational numbers.
3. The period of the rhythm is given by the 2pilog q and the “tempo" accelerates when q increases.
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The music composer Olivier Messiaen introduced in his work (see the full treatise [5]) both the
palindromic feature (which he called “rythmes non-rétrogradables") and the irrational times of
attack. It is worth drawing a picture of the type of palindromic rhythm which is delivered by the
zeros of the L-function of a curve over a finite field, and we shall undertake doing that below.
2 Explicit examples of motivic rhythms
Starting with an hyperelliptic curve over Q of the form y2 = P(x) one obtains for each prime
not dividing the discriminant of P a curve over the finite field Fp and one can compute the zeros
of its L-function. Thus the choice of the polynomial P(x) is dictated by the absence of a prime
divisor of the discriminant between 7 and 67. We start with
C1 : y2 = x11 − 4x10 + 15x8 − 40x6 + 20x5 + 25x3 − 25
We give below the list of polynomials of degree 10, associated to the primes 7, 11, . . . , 67 and
whose zeros give the eigenvalues of the Frobenius acting on H1(C1/p) where C1/p is the reduc-
tion of the hyperelliptic curve C1 modulo the prime p. The degree of these polynomials is twice
the genus, i.e. 5× 2 = 10 and the term of degree 10 is always of the form p5x10. The complex ze-
ros are all of modulus p−1/2 and the arguments of the zeros give us palindromic rhythms which
are fixing the interpretation associated to C1/p.
Figure 1: Polynomials associated to H1(C1/p) for 7 ≤ p ≤ 67.
Since the rhythms repeat periodically we just show them for one period and for simplicity we
do not show the acceleration of the tempo.
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Figure 2: Motivic Rhythms for H1(C1/p), up to p = 67.
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7Figure 3: Motivic Rhythm for H1(C1/p), p = 7.
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Figure 4: Motivic Rhythm for H1(C1/p), p = 11.
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13
Figure 5: Motivic Rhythm for H1(C1/p), p = 13.
17
Figure 6: Motivic Rhythm for H1(C1/p), p = 17.
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Figure 7: Motivic Rhythm for H1(C1/p), p = 19.
We give the next example of hyperelliptic curve of genus 5 with good reduction at all primes
between 7 and 67. It is given by the equation:
C2 : y2 = x11 − 60x7 − 64x6 − 320x4 − 380x3 − 512x− 640
Figure 8: Polynomials associated to H1(C2/p) for 7 ≤ p ≤ 67.
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Figure 9: Rhythms associated to H1(C2/p) for 7 ≤ p ≤ 67.
8
7Figure 10: Motivic Rhythm for H1(C2/p), p = 7
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Figure 11: Motivic Rhythm for H1(C2/p), p = 11
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Figure 12: Motivic Rhythm for H1(C2/p), p = 13
17
Figure 13: Motivic Rhythm for H1(C2/p), p = 17
19
Figure 14: Motivic Rhythm for H1(C2/p), p = 19.
In the next section we explain how we devised a mathematical formula for a basic score attached
to the primes between 7 and 67.
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Figure 15: Simple musical line associated to 7 ≤ p ≤ 47.
11
Figure 16: Simple musical line associated to 53 ≤ p ≤ 67.
3 Basic score
In this section we describe how we obtain from a mathematical formula a palindromic score of
ten notes for each prime between 7 and 67. The idea is that the score associated to the prime p
should be related to the number
√
p because the motive is of weight 12 . Moreover since music is
based on the scale given by the integral powers of the number q := 2
1
12 (which is numerically
close to 3
1
19 ) one should get started by the integral power n1(p) which is guided by the proximity
of
√
p with qn1(p). Thus as starter we have chosen
n1(p) := IntegerPart(6 log p/ log 2)
Since we need to obtain integers and to make sure that they suffice to give back p, we have
chosen to use the next terms n j(p) in the continued fraction expansion
6 log p/ log 2 = n1 + 1/(n2 + 1/(n3 + 1/(n4 + 1/(n5 + . . .))))
To respect the respective roles of the n j(p) it is natural to convert them to the following list
(n1(p), n1(p)− n2(p), n1(p)− n2(p) + n3(p), n1(p)− n2(p) + n3(p)− n4(p),
n1(p)− n2(p) + n3(p)− n4(p) + n5(p))
This provides us with a score which we complete by symmetry, to make it palindromic, in order
to be able to reflect the palindromic rhythms, for each prime between 7 and 67.
There remains at this point the musical task to harmonize the above simple score and there is
a clear freedom in doing that. One constraint is that the chords ought to be played at the same
time as the notes of the initial tune in order to let them undergo the change of rhythm dictated
by the “motivic interpretation".
12
Figure 17: Simple harmonisation for 7 ≤ p ≤ 47.
13
Figure 18: Simple harmonisation for 53 ≤ p ≤ 67.
4 Visual illustration
In order to illustrate visually the succession of primes and then the playing of each motivic
rhythm we have created a small choreography.
4.1 The first minute: the Eratosthenes sieve
In the first minute the music is played equally and the visual illustration is a choreography of
the Eratosthene sieve which is devised as follows. There are two rectangles as in Figure 19. Each
of these rectangles contains 60× 60 = 3600 possible positions and at the start all the multiples
of 2 (i.e. all even numbers) except for 2 itself, have been brought down to the lower rectangle.
The same operation has been performed for all multiples of 3 and all multiples of 5. Being a
multiple of one of these three first primes is unaffected if one adds a multiple of 60 and thus the
obtained geometric picture is formed of a union of vertical lines as shown in Figure 19. The only
vertical line in the initial picture which does not correspond to a prime p < 60, is the vertical line
associated to 49 = 72. All other non-prime have been eliminated as multiples of 2, 3 or 5. The
choreography starts when 7 is played, the dancers in the above rectangle which are multiples
of seven (except seven itself) all descend in the lower rectangle as shown in Figures 20, 21, 22.
Then when eleven is played all multiples of eleven descend except eleven itself. This continues
for all prime numbers until 67. At the end of the choreography the numbers which remain in
the upper rectangle are all prime numbers between 2 and 3600 (the number 1 is ignored). The
number of dancers required is about 460 because at the start there are only 963 dancers in the
upper rectangle while at the end only the primes less than 3600 remain and there are 503 such
primes. The video is available by clicking on the following link: Video
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Figure 19: Starting configuration: all multiples of 2 except 2 itself, and similarly for 3 and 5 have
been brought down in the rectangle below.
15
71 137923456
Figure 20: All multiples of 7 except 7 itself are descending in the rectangle below. This shows the
first step when the dancers corresponding to multiples of 7 make a side step to the right.
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71 137923456
Figure 21: All multiples of 7 except 7 itself are descending in the rectangle below. While this
movement occurs the tune corresponding to 7 is played.
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71 137923456
Figure 22: All multiples of 7 except 7 itself have now descended in the rectangle below. While
this movement took place the tune corresponding to 7 was played.
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71 13792293456
Figure 23: All multiples of 29 except 29 itself are descending in the rectangle below. For 29 and
also for 31 these multiples form a nice geometric picture.
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71 13792345596
Figure 24: All multiples of 59 except 59 itself are descending in the rectangle below. The last two
dancers correspond to 592 on the left and 59× 61 on the right.
20
71 13792345616
Figure 25: The last two dancers corresponding to 592 on the left and 59 × 61 on the right are
about to reach their final position, thus ending the dance.
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Figure 26: After all multiples of 59 except 59 have descended, the dancers remaining in the
top rectangle correspond exactly to the prime numbers below 3600. What remains in the lower
rectangle forms a sieve inasmuch as it is stable under multiplication by any number. In fact this
property of being a sieve holds all along for the configurations in the lower rectangle.
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4.2 Rhythmic interpretation by H1(C j/p)
The second part of the video is an illustration of the rhythmic interpretation given by the eigen-
values of the Frobenius on H1(C j/p), where p is a prime 7 ≤ p ≤ 67
Figure 27: Each of the six motives becomes an interpreter (at the rhythmic level) of the same
piece.
In order to illustrate these rhythms which provide the precise irrational times of attack in the
music, the video is synchronized so that the corresponding zeros are shown in shining color
while they are played. The tempo is accelerating with log p as p varies from 7 to 67 and this is
done for each of the six motives H1(C j/p).
We have already described C1 and C2. The next ones and some samples of the associated rhyth-
mic interpretations are as follows:
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C3 : y2 = x11 − x10 + x9 − 5x8 + 8x7 − 8x6 + 8x5 − 14x4 + 5x3 − 7x2 + x− 1
Figure 28: Rhythms associated to H1(C3/p) for 7 ≤ p ≤ 67.
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C4 : y2 = x11 − x10 + 3x9 + x8 − 8x7 − 8x5 + 24x4 + 58x3 + 86x2 + 86x + 50
Figure 29: Rhythms associated to H1(C4/p) for 7 ≤ p ≤ 67.
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C5 : y2 = x11 − x10 + 7x9 − 15x8 + 36x7 − 48x6 + 108x5 − 144x4 + 90x3 − 162x2 + 162x + 198
Figure 30: Rhythms associated to H1(C5/p) for 7 ≤ p ≤ 67.
26
C6 : y2 = x11 − 3x10 − 6x9 + 12x8 + 18x7 − 54x6 − 96x5 + 72x4 + 126x3 − 206x2 − 336x− 96
Figure 31: Rhythms associated to H1(C6/p) for 7 ≤ p ≤ 67.
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Remark 4.1. The fact that the tempo accelerates with log p, i.e. that the natural period determined by
p−is = 1 is 2pilog p exhibits in which sense the strategy followed in our joint work with C. Consani (see
in particular [3, 4]) is natural. Indeed if one would let for instance p → ∞ the period would tend to 0
and there would be no way to get a picture resembling the zeros of the Riemann zeta function. But in our
strategy one lets p→ 1 so that the period 2pilog p now tends to infinity. Moreover as explained in [3, 4], the
genus tends to∞, thus allowing for the desired type of configuration.
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